We extend the Fermi-liquid (FL) theory to include spin-orbit (SO) splitting of the energy bands, focusing on the Rashba SO coupling as an example. We construct the phenomenological Landau interaction function for such a system using the symmetry arguments and verify this construction by an explicit perturbative calculation. The Landau function is used to obtain the effective mass, compressibility, and stability conditions of the FL. It is shown that although the charge-sector properties, such as the effective mass and compressibility, are determined solely by well-defined quasiparticles, the spin-sector properties, such as the spin susceptibility, contain a contribution from damped states in between the spin-split Fermi surfaces, and thus cannot be fully described by the FL theory, except for the case of weak SO coupling. We derive some specific properties of a chiral FL and show, in particular, that for contact interaction spin-splitting of the Fermi velocities of Rashba subbands occurs because of the Kohn anomaly, also modified by SO coupling.
I. INTRODUCTION
A large number of many-body systems are characterized by non-trivial correlations between spin and orbital degrees of freedom. To name just a few, these are twodimensional (2D) electron and hole gases in semiconductor heterostructures with broken inversion symmetry, 1, 2 non-centrosymmetric normal metals 3 and superconductors, 4 surface/edge states of three-dimensional (3D)/2D topological insulators, 5 conducting states at oxide interfaces, 6 atomic Bose 7 and Fermi 8 gases in simulated nonAbelian magnetic fields, etc. Spin-orbit (SO) coupling inherent to all these systems locks electron spins and momenta into patterns characterized by chirality. 9 Electronchiral materials are endowed with unique properties that are interesting from both the fundamental and applied points-of-view.
Recently, there has been a surge of interest in the interplay between chirality and the electron-electron (ee) interaction, which is necessarily present in all these system. The current tendency -driven in part by the need to develop semiconductor-based spintronic devices-is to enhance the strength of the SO interaction relative to other energy scales, namely, the Fermi energy, and the potential energy of Coulomb repulsion. In semiconductor heterostructures, this can be achieved by reducing the carrier number density, even to the point when only the lowest of the spin-split Rashba subbands is occupied.
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In other systems, such as the Au-intercalated grapheneNi interface, 11 , Bi/Ag(111) 12 and Bi x Pb 1−x /Ag(111) 13 surface alloys, and bismuth tellurohalides, 14 SO coupling is enhanced due to the presence of heavy, e.g., Au and Bi, atoms. If the three energy scales (SO, Fermi, and Coulomb) become comparable to each other, one ventures into a regime where new phases of matter become possible. For example, a strong enough Coulomb repulsion can force all electrons to occupy only one Rashba subband 15 , or to form a spin-nematic phase with spinsplit Fermi surface (FS) but zero net magnetization, 16 or else form a number liquid-crystal and crystalline phases, if only the lowest Rashba subband is occupied.
17 An important task is, therefore, to classify and analyze new phases of electronic matter that become possible due to the interplay of the ee and SO interactions.
Analysis of possible new phases usually starts with the Fermi-liquid theory (FL). The well-established theory of a non-chiral [or SU(2)-symmetric (SU2S)] FL
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allows one to classify possible Pomeranchuk instabilities that break rotational but not translational symmetry of the Fermi surface, and to derive stability conditions in terms of the Landau parameters. With the exception of quantum wires and surface states of 3D topological insulators at the Dirac point, all other examples of electron-chiral system are believed to behave as FLs with well-defined quasiparticles near the FS (or multiple FSs in case of spin-split states), as long as the ee is too weak to break some symmetries. This conclusion is supported by a large number of studies in which various FL quantities-the effective mass, [19] [20] [21] [22] quasi-particle renormalization factor, 19, 22 quasi-particle lifetime, 19, 22 spin and charge susceptibilities, 15, 19, [23] [24] [25] [26] [27] [28] [29] [30] [31] spin-Hall conductivity, 32, 33 charge-and spin-drag resistivities, 34, 35 profiles of Friedel oscillations, 31, 36 plasmon spectra and Drude weights, 20 etc.-were calculated within some version of the perturbation theory in the ee interaction. Yet, it is obvious that the conventional FL theory, based on the assumption of SU(2) invariance of electron spins, is not applicable to electron-chiral systems. Indeed, the Landau function of an SU2S FL
contains only two invariants: unity and the scalar product of electron spins. (Here and it what follows, the product of two matrices is to be understood for projections onto the spin basis as f α,β;γ,δ = f s δ αγ δ βδ +f aσ αγ ·σ βδ . 18 ) Clearly, broken SU(2) symmetry of a chiral FL allows for a much richer variety of invariants, which cannot be separated into the charge and spin parts. Although the SO interaction is a relativistic effect, a relativistic generalization of the FL theory, 37 developed in the context of dense nuclear matter, is also not applicable to SO-coupled electron systems because the latter are never fully Lorentzinvariant. Another line of work focuses on FLs with SO-coupling arising because of the dipole-dipole interaction of fermion spins. 38 While this type of theories is relevant to atomic gases, the dipole-dipole SO couplingas opposed to simulated non-Abelian fields -is very much different from both the Rashba-and Dresselhaustype couplings, 2 which exist already at the single-particle level. Actually, the closest analogy to a chiral FL is a ferromagnetic or partially spin-polarized FL, e.g., He 3 in a magnetic field, which have a long history of studies, starting from Refs. 39-45 and culminating in a series of detailed papers by Meyerovich et al. [46] [47] [48] (for a detailed discussion of more recent studies, see Refs. 49 .) The difference between partially-polarized and chiral FLs is in that fermions in the latter experience an effective (and momentum-dependent) rather than real magnetic field. In this paper, we will employ this analogy, while also emphasizing the differences between the two cases. Also, a chiral FL with two occupied spin-split bands shares some properties with any multi-component FL; 50 yet its spin sector is very special and, as will we will show later, cannot be treated simply by assigning extra indices to FL parameters. References 51 and 32 considered an SU2S FL perturbed by a weak SO coupling; in particular, Ref. 32 studied FL renormalization of spin-chiral resonances. To the best of our knowledge, a FL theory for a generic and not necessarily weak SO interaction was addressed only in Ref. 52 ; however, subtleties of the spin sector of such a FL were not considered in that paper.
In this paper, we explore a possibility of constructing a general theory of chiral Fermi liquids (FL). For concreteness, we will focus mostly on linear Rashba SO coupling, relevant for a number of 2D electron heterostructures; however, we will also discuss briefly the cubic coupling relevant, e.g., for 2D hole gases in III-V semiconductor heterostructures 53 and the surface state of SrTiO 3 .
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We argue that whether a particular quantity of a chiral FL can be described within the FL formalism depends on whether this quantity is spin-independent, e.g., the effective mass or charge susceptibility, or spin-dependent, e.g., the spin susceptibility. For spin-independent properties, which are local in the SU(2) spin space, the original Landau's FL theory can be extended to include the effects of SO with rather straightforward modifications similar to any two-band FL theory. 50 Spin-dependent properties, on the other hand, are controlled by particles with momenta in between the two spin-split FSs. If SO splitting is not small compared the Fermi energy, these particles are away from their respective FSs and thus strongly damped. In general, therefore, one cannot describe the spin sector of a chiral FL in terms of non-interacting quasiparticles. 56 On a technical level, this means that one has to consider off-diagonal components of the density matrix, and also that some familiar relation of the SU2S theory, which are local in the momentum space, are replaced by non-local integral equations. For example, we show that the renormalized g factor of chiral quasiparticles satisfies an integral equation, where the integral goes over the entire interval of the momentum in between spin-split subbands. We show, however, it is still possible to account for first-order effects in SO while keeping the interaction arbitrary. As it was pointed out by C. Herring already in 1966, 57 the same difficulty arises also in the theory of ferromagnetic and partially spin-polarized FLs. Later research 47, 48 confirmed his arguments; see, in particular, a detailed discussion of the importance of the off-diagonal components in Ref. 47 . (Quite foresightfully, Herring also anticipated a similar problem for a system with SO coupling in the absence of inversion symmetry, which is the subject of this paper).
An important topic of current interest are the collective modes of a chiral FL. 32, [58] [59] [60] We will discuss this topic in a separate forthcoming publication.
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The rest of the paper is organized as follows. In Sec. II, we construct the phenomenological Landau function of a chiral FL. Having been equipped with the Landau function, we proceed to calculate the effective masses of chiral quasiparticles in Sec. III, and discuss Overhausertype 62 spin-splitting of effective masses in the zero magnetic field, which is similar to effective-mass splitting in a partially spin-polarized FL.
63,64 Thermodynamic properties of a chiral FL are discussed in Sec. IV. In particular, the compressibility of a chiral FL is derived in Sec. IV A, Pomeranchuk stability conditions are specified in Sec. IV B, and the spin susceptibility is discussed in Sec. IV C. In particular, the FL formalism for the spin susceptibility is presented in Sec. IV C 1, where the outof-plane spin susceptibility is shown explicitly to contain a contribution from the states in between the spin-split FSs. In Sec. IV C 2, we discuss the physical implications of this result, and also demonstrate that the physical origin of mutual cancellation between induced magnetic moments of occupied Rashba subbands is time-reversal symmetry (at fixed magnetic field). In Sec. V, we establish the relation between the phenomenological Landau function and microscopic interaction vertices. In Sec. VI, we apply the formalism developed in the previous sections to a number of specific cases. In Sec. VI A, we evaluate explicitly the Landau function to second order in a finite-range ee interaction, and confirm the phenomenological form of the Landau function obtained in Sec. II. The microscopic Landau function from Sec. VI A is used to calculate mass renormalization in Sec. VI B, where we show that spin-splitting of the masses occurs (to second order in both ee and SO interactions) as a non-analytic effect, resulting from the Kohn anomaly modified by the SO interaction. Simple limiting cases for the spin susceptibility are considered in Sec. VI C. Our conclusions are given in Sec. VII. Some technical details of the calculations are delegated to Appendices A-D.
II. LANDAU FUNCTION
We consider a 2D electron system in the presence of linear Rashba SO coupling, described by the Hamiltonian
where m is the effective electron mass,σ are the Pauli matrices, e z is the unit normal vector, andĤ int entails a non-relativistic, density-density ee interaction. (Here and in the rest of the paper, α is chosen to be positive, while the Planck and Boltzmann constants are set to unity. Also, the index f will denote properties of an interactionfree system.) The space group of Hamiltonian (2.1) is C ∞v , and the Rashba SO term is the only combination of the spin and momentum that is invariant under the symmetry operations of this group. Eigenvectors and eigenenergies ofĤ f are given by
correspondingly, where θ p is the azimuth of the momentum p, and s = ±1 denotes the chirality, i.e. the winding direction of spins around the FS.
In the rest of the paper, we assume that the chemical potential, µ, is positive and intersects both Rashba subbands. The (bare) Fermi momenta and Fermi velocities of the individual subbands are given by
The central object of the FL theory is the Landau function describing the interaction between quasiparticles with momenta p and p ′ , and spinsσ andσ ′ . Since SO coupling reduces SU (2) spin symmetry down to U (1), the Landau function will contain more invariants compared to the SU2S case [Eq. (1.1)]. The task of finding all invariants is simplified by noting that the Rashba coupling is equivalent to the effect of a non-Abelian magnetic field B R (p) = (2α/gµ B )p × e z , where g is the electron's g-factor and µ B is the Bohr magneton. The most general form of the Landau function must include all invariants formed out of the six objects-1,σ and B R (p) for each of the two quasiparticles-that are invariant under C ∞v , time reversal, and permutations of quasiparticles. The Landau function in the real magnetic field B contains extra "Zeeman" terms,σ ′ · B andσ · B, as well as their products. 39 In addition to these couplings, the Rashba field can be coupled to spins in more ways because, in contrast to the real-field case, the cross product
′ is non-zero and acts on spins as another effective magnetic field along the z axis.
Exploring all possible invariants, we arrive at the following Landau function 5) where e k ≡ k/k for any k. The scalar functions f s through h depend on p 2 , p ′2 , and p · p ′ ; for brevity, we do not display these dependences in Eq. (2.5). Superscripts "ph" and "pp" in the "g" terms indicate that, in the perturbation theory, these terms come from the interaction in the particle-hole and particle-particle (Cooper) channels, respectively. The electron momenta enterf via the Rashba field, B R (p). In the h (1) , h (2) , and h terms, which contain bilinear combinations of p and p ′ , we took the product pp ′ out of the invariants and absorbed it into the scalar functions. In the g ph and g pp terms, which contain the p ∓ p ′ combinations, we kept the full vectors p and p ′ . In Sec. V, we show how all the terms in Eq. (2.5) are generated by the perturbation theory for the interaction vertex.
As is to be expected, SO coupling breaks spinrotational invariance of the exchange,σ ·σ ′ , term of an SU2S FL. Anisotropy in the exchange part off comes from the combination 
, which results in equivalent Landau functions upon a redefinition of f a .
Spins in Eq. (2.5) are not yet represented in any particular basis. However, in order to project electrons' momenta on the FSs, we need to specify the basis. Since the ee interaction commutes with spins, the spin structure of quasiparticles' states is still governed by the Rashba term, as long as the interaction is below the threshold value for a Pomeranchuk instability. This argument is nothing more than the usual assumption that symmetries of the system do not change if the interaction is switched on adiabatically. Microscopic calculations in Sec. V indeed show that the spin structure of quasiparticles is the same as of non-interacting electrons. Therefore, we take the chiral basis of Eq. (2.2) as the eigenbasis for quasiparticles of a Rashba FL.
III. EFFECTIVE MASS
The Landau's derivation of the FL effective mass is restricted to Galilean-invariant systems, and thus cannot be applied to our case because the SO term breaks Galilean invariance. A generalization of the Landau's derivation for a relativistic FL 37 is also not applicable here because our Hamiltonian [Eq. (2.1)] is not fully Lorentz invariant either. Therefore, we need to devise an argument which involves neither Galilean nor Lorentz boosts. To this end, we notice that the position operator commutes withĤ int becauseĤ int depends only on the positions of electrons but not on their velocities. Therefore, the velocity operator is the same as in the absence of the ee interaction:
Summing Eq. (3.1) over all particles, we obtain
By definition, the total flux of particles is equal to that of quasiparticles. The same is true for the total momentum and total spin. Hence the sums over particles can be converted into sums over quasiparticles. Introducing a 2 × 2 matrix of occupation numbers of quasiparticlesn p , we have Tr [p1 + mα(e z ×σ)]n p (dp) = mTr ∂ pε pnp (dp),
3) where (dp) ≡ d 2 p/(2π) 2 ,ε p is the energy functional for quasiparticles, and ∂ pε p is their velocity (which are also 2 × 2) matrices). 
where the diagonal part of the Landau function is given by 
s (dp). Integration by parts in the first term of the right-hand side of Eq. (3.7) gives, upon relabeling s ←→ s ′ , p ←→ p ′ and using symmetry f ss ′ (p, p
s (dp)(dp ′ ). (3.8) Since variations are arbitrary, the integrands themselves must be equal. Using 
To simplify the final form of m * s , we define
with ν s = m * s /2π being the density of states of the subband s. All the scalar functions in thef matrix can be re-defined in the same fashion, e.g., 
we find (e z ×σ ss ′ ) · e p = sδ ss ′ . (This result simply follows form the fact the Hamiltonian is diagonal in the chiral basis.) Projecting Eq. (2.5) onto the chiral basis, we obtain
Notice that the f a⊥ component of the Landau function in Eq. (2.5) does not enter Eq. (3.15), becauseσ z is offdiagonal in the chiral basis and hence f a⊥ drops out from the diagonal part of the Landau function. We see that, in contrast to the case of a SU2S FL, where the effective mass contains only the ℓ = 1 harmonic of F s , the ℓ = 1 harmonic of F ss ′ in Eq. (3.12) contains also both lower and higher harmonics of partial components of F ss ′ . Namely, F ,1 ss ′ contains the ℓ = 0 and ℓ = 2 harmonics of F a , G ph , G pp , and H, and the ℓ = 3 harmonics of H (1) and H (2) . The final result for the effective masses can be cast into the following form:
where
(3.17)
Notice that the Luttinger theorem 66 guarantees only that the total area of the FS, π(p , we see that a chiral FL liquid is different from an SU2S one is that the effective mass (and, as will see later, other FL quantities) is not determined only by the Landau parameters: one also needs to know the renormalized Fermi momenta. In this respect, a chiral FL is similar to other two-component FLs.
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Due to hidden symmetry of the Rashba Hamiltonianconservation of the square of the velocity 67 -the Fermi velocities of free Rashba fermions with opposite chiralities are the same, cf. Eq. (2.4b). (However, the masses are different because of the difference in the Fermi momenta). It is reasonable to expect that the ee interaction breaks hidden symmetry and leads to splitting of the subbands' velocities. However, no such splitting occurs to first order in SO coupling, 19 even if the ee interaction is accounted for exactly. 68 In the remainder of this section, we present a microscopic calculation of the effective masses and show that the velocities are indeed split even by a weak ee interaction but only at larger values of SO coupling.
We adopt a simple model of a screened Coulomb potential in the high-density limit (r s ≪ 1). The leading-order result for mass renormalization, (m * /m − 1) ∼ r s ln r s , is obtained already for a static screened Coulomb potential,
where p TF = √ 2r s p F is the inverse Thomas-Fermi screening radius. SO coupling does not affect the form of U TF q because the total density of states remains the same as long as both Rashba subbands are occupied. The selfenergy of an electron in the subband s is given by
is the free (Matsubara) Green's function in the chiral basis with ǫ p,f s given by Eq. (2.3). At small r s , typical momenta transfers are small: q ∼ p TF ≪ p F ; therefore, the difference between θ p+q and θ p can be neglected and intersubband transitions (with s ′ = −s) drop out. Simplifying Eq. (3.20) in the way specified above and subtracting the self-energy evaluated at the FS, we obtain
Integration over Ω gives (for ε
where v 0 is the (common) 
This result is the same as for a 2D electron gas without SO coupling, except for that the Fermi momentum, entering the logarithmic factor, is specific for a given subband. The mechanism of such splitting is similar to Overhauser-type splitting of effective masses in a partially spin-polarized metal. 62-64 Equation (3.24) is already enough to produce spin-splitting of the Fermi velocities
One needs to keep in mind, however, that Eq. (3.25) was obtained as a difference of two formulas (3.24), each of which contains a large logarithmic factor, and is thus valid if not only each of the logarithms but also their difference is large. This requires that p
In Appendix A, we compute the self-energy beyond the logarithmic accuracy and show that Eq. (3.25) is reproduced as a leading term. Also, we present there a simple way to generate an analytic expansion of the selfenergy in α, which confirms previous results for velocity splitting. 19, 21 We return to the issue of mass renormalization in Sec. VI B, where we show that a non-analytic in SO result for velocity splitting comes from the Kohn anomaly modified by the SO interaction.
IV. THERMODYNAMIC PROPERTIES
In principle, Eq. (2.5) enables one to compute all thermodynamic properties of a chiral FL. In this section, we illustrate how this program can be carried out in the charge sector by calculating the isothermal compressibility (Sec. IV A and deriving Pomeranchuk stability conditions (Sec. IV B).
A. Compressibility
The T = 0 compressibility of a FL is given by
where N = s (dp)n p s = s N s is the number density and N is the total particle number.
The compressibility of a chiral FL is obtained by a simple generalization of the original Landau's argument.
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If the exact dispersions of Rashba subbands are ǫ ± (p) = ε p ± + µ, the chemical potential is defined as µ = ǫ + (p + ) = ǫ − (p − ). The variation of the chemical potential consists of two parts: the first one is due to a change in the Fermi momenta in each of the two subbands and the second one is due to a variation of the quasiparticles' dispersions. Since the variations of the chemical potential are the same for both subbands, we have
where δε p ± are given by Eq. (3.5) and δp s = (2π/p s )δN s . Assuming that the variations of n p ± in the p-space are localized near the corresponding Fermi momenta, we integrate n p ± over the magnitude of the momenta to obtain ε
2) with the constraint δN = δN + + δN − , we solve the resulting system for δN ± in terms of δµ and δN to obtain
3) with ν = s ν s . The result for the SU2S case is recovered in the limit when the intra-and intersubband components of F ,0 ss ′ become the same. Indeed, subsitituting F ,0
, we obtain the familiar result
Notice that Eq. (4.3) is different from the compressibility of a two-component FL
50 because of the additional assumption used in Ref. 50, namely, that not only the total number of particles but also the numbers of particles of a given type remains constant under compression. While this assumption is justified in the context of a degenerate electron-proton plasma considered in Ref. 50, it is not applicable to our case when particles of opposite chiralities can be exchanged between the Rashba subbands, and thus the number of particles with given chirality is not conserved.
B. Stability conditions
To obtain stability condition in the charge sector, we must require that the Gibbs free energy, Ω, be minimal with respect to arbitrary deformations of the FSs which do not affect their spin structure:
Corresponding variations in the occupation numbers can be written as
A change in the free energy δΩ = Tr ε p δn p (dp)+ 1 2 TrTr
dp)(dp ′ ) (4.6) must be positive definite with respect to such variations.
We thus arrive at the following stability conditions in the charge sector Note that the divergence of κ in gated systems does not manifest a thermodynamic instability as the total energy of the system remains positive due to a compensating effect of the classical charging energy of a parallel-plate capacitor. Instead, this divergence indicates the onset of the "negative compressibility" regime, in which the measured capacitance is larger than the geometric one. Electron and, especially, hole FLs in semiconductor heterostructures are typically studied in this regime.
70
C. Spin susceptibility
Fermi-liquid formalism
As mentioned in Sec. I, the subtleties of a non-SU2S FL are all in the spin sector. To illustrate this point more clearly, we proceed with evaluating the spin susceptibility. In order to do this within the framework of FL theory, one needs to properly find the change in the occupation numbers of quasiparticles due to an external magnetic field.
Suppose that an external magnetic field is in the e z direction and of magnitude much smaller than the effective SO field
where g is effective g-factor. (We neglect here the diamagnetic response of electrons. In principe, the spin part of the total susceptibility can be measured, e.g., via the Knight shift or neutron scattering.) In the absence of an external field, quasiparticles occupy chiral states |s, p (with s = ±1) filled up to the Fermi momenta p s . The presence of a magnetic field affects the spin structure of quasiparticle states. Suppose that the states in the presence of the field are |p, h (with h = ±1) filled up to the Fermi momentap h . (To distinguish between the quantities in the absence and in the presence of the field, we denote the latter with a tilde over a corresponding symbol.) The energy functional of quasiparticles in the absence of the field is diagonal in the |s, p basis with eigenvalues ε p ± :
The occupation number in the absence of the field is also diagonal
where n p s = Θ(p s − p). In the presence of the field, the |s, p basis is not an eigenstate of the Hamiltonian. Therefore, the Zeeman part of the energy functional is not diagonal in this basis:
is the renormalized g-factor which depends on the electron momentum, and σ z in the chiral basis is given by the last formula in Eq. (3.14). (At this point, our analysis differs from that of Ref. 52 , where the occupation number was assumed to be diagonal. On the other hand, our approach is similar to that of Ref. 47 , which also emphasizes the necessity of including the off-diagonal components ofn for the case of a partially spin-polarized FL.) Both the energy functional of quasiparticles in the presence of the field and their occupation number are diagonal in the |h, p basis
There exists a unitary matrixÛ that diagonalizesε
or, equivalently,ε
To first order in H,
andM is an anti-Hermitian matrix parameterized aŝ
with real a and b. 
The diagonal components ofM remain undefined to first order in H but, usingÛ = e HM , they are found to be zero to all higher orders as well. Consequently,M can be written asM
Since the same matrixÛ diagonalizes also the occupation number, we haveñ
To find a linear-in-H correction toñ p ss ′ , it suffices to approximateñ
It is at this point when the main difference between the SU2S and chiral FLs occurs: for the former, the change in the occupation number is localized near the FS; for the latter, it is proportional to a difference of the occupation numbers in the absence of the field, and is thus finite for all momenta in between the FSs of chiral subbands. With this remark in mind, we still proceed with a derivation of the equation for the renormalized g-factor.
As in the SU2S case, we decomposing the energy variation into the Zeeman part and the part due to a variation in the occupation numbers: 
The out-of-plane spin susceptibility is then found as
In the last line, we used Eq. (4.24) for g * (p). Following the same steps, the in-plane spin susceptibility (χ xx = χ yy ) can be shown to contain contributions both from each of the FSs and from the interval in between the two. However, since there is always a finite contribution from the damped states in between the two FSs, the problem remains the same as for χ zz . In addition, the in-plane spin susceptibility contains angular harmonics of all Landau parameters except for f a⊥ . The final formula for χ xx is not sufficiently instructive to be presented here.
Physical interpretation
Equation (4.25) (and a similar formula for χ xx ) show that the spin susceptibility of a chiral FL has a different physical origin compared to the Pauli susceptibility of a SU2S FL. Indeed, while the latter is determined by the states right on the FS, the former comes from a finite interval of states in between the two spin-split FSs. Moreover, this difference is present already for non-interacting electrons, when the second term in Eq. (4.25) is absent. Physically, this difference comes about because, in the SU2S case, the induced magnetic moments of almost all spin-up and spin-down states cancel each other, except for the states with momenta in between the Zeeman-split FSs, where the spin-down states are empty but the spinup states are occupied. In a weak magnetic field, the width of this region is proportional to the field, and this is why only the states at the FS matter in the H → 0 limit. In the chiral case, SO splitting is present even at zero magnetic field, and the whole interval p + < p < p − contributes to magnetization. This property becomes especially clear in the Kubo-formula approach, which gives for the spin susceptibility in the non-interacting case To apply Eq. (4.25) to the FL-case, one needs to know (renormalized) dispersions, ε p ± , and the f a,⊥ component of the Landau function in the entire interval of momenta in between the FSs. If SO coupling is not weak, one thus needs to know the properties of chiral quasiparticles far away from their respective FSs, which is outside the scope of the FL theory. This problem is not merely technical but fundamental because quasiparticles decay away from their FSs, and one thus cannot formulate the FL theory as a theory of well-defined quasiparticles. This does not mean that a chiral electron system is a non-FL; on the contrary, all microscopic calculations (cited in Sec. I) as well as experimental evidence point at the FL-nature of chiral electron systems. However, they are FLs with the spin sector that cannot be described in the framework of the FL theory. This conclusion is not restricted to the case of a FL with the Rashba SO interaction but is also true for any non-SU2S FL, e.g., ferromagnetic and partially spin-polarized FLs, 47, 48, 57 Nevertheless, we show in Sec. VI C that Eq. (4.25) reproduces correctly both limiting cases of a weak ee interaction and a weak SO coupling.
We should also point out that the states with momenta in the interval p < p + , where both Rashba subbands are occupied, do not contribute to the spin susceptibility, which implies that the induced magnetic moments of the occupied Rashba subbands cancel each other. This cancellation is not accidental but follows from a non-trivial time-reversal symmetry at a fixed magnetic field. Indeed, a contribution to the total spin susceptibility from the occupied electron states of both chiralities and with given momentum p can be written as for the out-and in-plane field, correspondingly. Summing over s, we get zero in both cases. We argue, however, that since property (4.31) is guaranteed by time-reversal symmetry, it remains valid also in the presence of the ee interaction, as long as this interaction does not lead to spontaneous breaking of this symmetry via, e.g., ferromagnetic instability.
V. CORRESPONDENCE BETWEEN THE MICROSCOPIC AND PHENOMENOLOGICAL THEORIES
The purpose of this section is to establish the connection between the Landau function and interaction vertices of the microscopic theory. As in the theory of a SU2S FL, the relation between the Landau function and microscopic interaction vertices is established by deriving the equations of motion for zero-sound modes. Without loss in generality, we ignore the effect of impurities and complications arising from the electric charge of the electrons.
To study the collective modes within the framework of a phenomenological FL theory, we start with the (collisionless) quantum Boltzmann equation for the nonequilibrium part of the occupation number:
where Â ,B ± denotes (anti)commutator ofÂ andB.
(For brevity, the dependences of δn p andε p on r, and t are not displayed.) We will be interested in zero-sound modes in the charge sector which correspond to variations in the diagonal elements of δn p . In the chiral basis,
The Dyson equation for the scattering vertex Γ s,r;s ′ ,r ′ (P, K; Q). The first term on the right side represents the regular vertex, Γ Ω s,r;s ′ ,r ′ (P, K)
where a s (θ p ) describes the angular dependence of δn p . Hence, Eq. (5.1) reduces to
Using Eq. (5.2), we obtain instead of Eq. (5.3)
Next, we derive Eq. (5.5) from the microscopic theory. Using the Dyson equation for the interaction vertex-see Fig. 1 -we arrive at Γ s,r;s ′ ,r ′ (P, K; Q) = Γ Ω s,r;s ′ ,r ′ (P, K) (5.8)
where the (2 + 1) momenta are defined as P = (p, ω), P ′ = (p ′ , ω ′ ), etc., and P is a shorthand notation for (2π)
is an exact vertex which contains the poles corresponding to the collective modes, Γ Ω s, r ′ ; s, r ′ (P, K) is a regular vertex, obtained from Γ in the limit of q/Ω → 0 and Ω → 0, 18 and Φ ss ′ is the particle-hole correlator at fixed direction of the center-of-mass momentum of the particle-hole pair. The off-diagonal components of Φ ss ′ are gapped by SO splitting, while the diagonal ones contain singular parts given by
where Z s is the Z-factor of the subband s. The Landau function is related to the vertex Γ Ω s,r;s,r . Since Eq. (5.9) must hold for any K, the vertex can be written as a product of two independent contributions: Γ s,r;s,r (P, K; Q) = η s (P ; Q)η r (K; Q).
(5.10)
Near the poles of Γ s,r;s,r , we have
Comparing the kernels in Eqs. (5.11) and (5.5) and recalling definition (3.10), we identify
We see that, except for the ratio of the densities of states, the relation between the vertex and Landau function is the same as in the SU2S theory.
VI. SPECIFIC EXAMPLES A. Landau function from the perturbation theory
Having established a relation between the Landau function and microscopic interaction vertex, we now show how the various components of the phenomenological Landau function in Eq. (2.5) are reproduced by the perturbation theory for the interaction vertex. In this section, we consider a second order perturbation theory in a (spin-independent) finite-range interaction with Fouriertransform U q which, in general, depends on the magnitude of the momentum transfer q. The only constraint imposed on U q is that it is finite for any q, including q = 0.
According to Eq. (5.12), the Landau function is proportional the (antisymmetrized) interaction vertex Γ Ω . In the spin basis,
(6.1) To first order in the interaction, 72 we have
which is the same as in the SU2S case. To see the non-SU2S terms, one needs to go to at least second order. We start with a particle-particle diagram in Fig. 2a , the direct (on the left) and exchange (on the right) parts of which are given by Green's function in the spin basis readŝ
where g s (P ) is the same as in Eq. (3.20) . First, we focus on the direct part of the vertex, given by Eq. (6.3a). The cross product of two unity matrices merely renormalizes the 11 term in the Landau function of an SU2S FL, Eq. (1.1) Consider now the terms involving one unity matrix and one Pauli matrix:
Since the Green's function depends only on the magnitude of the electron momentum, the vectors in Eq. (6.6a) and (6.6b) are related to each other by
For the same reason, the directions of both vectors must coincide with that of k. Using these two properties, we
where A 1 (k) is some scalar function of k, whose precise form depends on the choice of U q . Using the last result, we finally arrive at 9) which coincides with the tensorial form of the g pp term in Eq. (2.5).
Likewise, exchange diagram a2 gives
where A 2 is defined by the same relations as (6.6a) and (6.8), except for a replacement
Although the tensorial form of the exchange vertex looks differently from that of the direct one, it is, in fact, the same. To see this, it is convenient to transform the vertex into the chiral basis using 12) where |s, p is the Rashba spinor defined by Eq. (2.2). Applying (6.12) to Eqs. (6.9) and (6.10), we obtain for the direct and exchange contributions, correspondingly
(6.13b)
Calculating the matrix elements of the Pauli matrices, it can be readily shown that the vectors to the left from C 1 in (6.13a) and from C 2 in (6.13b) are the same. Therefore, the tensorial forms of the direct and exchange vertices are the same also in the spin basis. So far, we have reproduced the g pp term of Eq. (2.5). Now, we consider the product of two Pauli matrices in Eq. (6.3a):
14)
where S
(1) ij is a second-rank tensor
This tensor depends only on k = p + p ′ , and can be formed only from the components of k as (6.17) which reproduces the tensorial structure of the h terms in Eq. (2.5) (with h (1) = h (2) = h/2 to this order of the perturbation theory). As before, the exchange diagram produces same type of terms.
Since the tensorial structures of the direct and exchange particle-particle diagrams are the same, the non-SU2S part of the total particle-particle vertex Γ
α,β;γ,δ vanishes for a contact interaction, U = const. Therefore, the g pp term in the LF is absent in this case, whereas the h terms come from only the particle-hole channel, considered below.
Next, we show that the crossed particle-hole diagram (Fig. 2d) produces both the g ph and h terms in Eq. (2.5). A product of the unity and Pauli matrices is processed in the same way as the analogous term in the particleparticle diagram. The only difference is that the vectors A ss ′ and A ′ ss ′ are now replaced by
where L ′′ = L + P ′ − P , and B and B ′ are related by
Defining a scalar function B(k) via 20) we obtain 21) which coincides with the tensorial form of the g ph term in Eq. (2.5). The term involving two Pauli matrices is cast into a form similar to Eq. (6.17) (6.22) where
The last expression reproduces again the tensorial structure of the h (1, 2) and h terms, except for now h (1) = h (2) = −h/2. Both diagrams b produce either the non-SU2S terms, we have encountered before, or renormalize the SU2S terms. Finally, diagram c only renormalizes the SU2S terms. We have thus shown that the second-order perturbation theory accounts for all terms in the phenomenological Landau function, Eq. (2.5)..
B. Mass renormalization
In this section, we apply the formalism developed in previous sections to a calculation of mass renormalization for Rashba fermions with the FL formalism. We consider the case of a weak, contact ee interaction (U = const), and assume also that the SO interaction is weak as well, i.e., α ≪ v F . (An assumption about the contact nature of the interaction is unessential; at the end of this section we comment on how the results are to be generalized for an arbitrary interaction.)
Our focus will be on the leading, O(U 2 α 2 ), corrections to the effective masses of Rashba fermions. Although such a correction seems to be perfectly analytic, in fact, it is not. It will be shown that the correction to the effective mass of the subband s comes as sU 2 α 2 . Since the eigenenergies contain s and α only as a combination of sα, the second-order term in the regular expansion in sα is the same for s = ±1. In this sense, the sU 2 α 2 correction is non-analytic, and will be shown to come from the Kohn anomalies of the various vertices.
To simplify notations, we will suppress the superscript Ω in the vertices because all the vertices considered in this section are of the Γ Ω type. Also, we will suppress the superscript f labeling the quantities pertinent to the interaction-free system: in a straightforward perturbation theory, considered here, the interaction enters only as the U 2 prefactor. A non-analytic part of the Landau function comes from particle-hole diagrams for Γ Ω in Fig. 2, i. e., from diagrams b-d. To maximize the effect of the Kohn anomaly, one needs to select such initial and final states that correspond to the minimal number of small matrix elements for intra-band backscattering.
Detailed calculations of the diagrams are presented in Appendix D; here, we illustrate how a O(U 2 α 2 ) correction occurs using diagram c as an example. Explicitly, this diagram reads
where Π(q) is the polarization bubble of non-interacting Rashba fermions. Without the SO interaction, the Kohn anomaly of Π is located at q = 2p F , where p F is the Fermi momentum at α = 0. In 2D, the polarization bubble is independent of q for q ≤ 2p F and exhibits a characteristic square-root anomaly for q > 2p F . SO coupling splits the spectrum into two Rashba subbands with Fermi momenta p ± given by Eq. (2.4a). In Ref. 23 , it was shown that the static polarization bubble Π(q) does not depend on q for q ≤ 2p + for an arbitrary value of α (but as long as both subbands are occupied). In the region 2p + ≤ q ≤ 2p − , the polarization bubble exhibits a non-analytic dependence on q. At small α, all three Fermi momenta are close to each other: p + ≈ p − ≈ p F . In this case, the singular parts of Π can be written as (see Appendix C)
The Kohn anomalies of Π affect the amplitudes of backscattering processes with p ′ ≈ −p; hence θ p ′ − θ p = π − θ with |θ| ≪ 1. Accordingly, the vertex in Eq. (6.24c) reduces to
Furthermore, the Kohn anomaly of Π ++ affects scattering processes with momentum transfer in the interval 2p + ≤ q ≤ 2p − . Since Π ++ already contains an extra (compared to Π +− ) factor of (q − 2p + ), reflecting the smallness of the matrix element of intraband backscattering, the non analytic contribution from Π ++ is maximal for interband processes (s = −s ′ ), when the angular factor in (6.25) is almost equal to 1. The only vertex of this type is
(6.26) The Kohn anomaly of Π +− gives an effect of the same order as in (6.26) but for intraband processes:
For a backscattering process, 28) where the dependence of the prefactor of the θ 2 term on α can be and was neglected. For Γ c −− , we have q = 2p − − p F θ 2 /4. Expressing θ 2 in terms of q, we arrive at
Now it is obvious that Γ Now we can calculate the angular harmonics of the vertices. Combining the vertices in the (−−) channel and transforming back from q to θ, we obtain for the n th harmonic of the total vertex in this channel
(6.31) Equation (6.31) is valid for 1 ≤ n ≪ p F /8mα. Likewise, we find for the +− channel
The harmonics of the Landau function are related to those of vertices via Eq. (5.12), in which the proportionality coefficient ν s ′ Z 2 s ′ /ν s is taken to be equal to one to lowest order in U and α.
As mentioned in Sec. III, the formula for the effective mass, Eq. (3.16), contains not only the components of the Landau function but also the ratio of the subband Fermi momenta which, in general, are renormalized by the interaction. However, combining previous results from Refs. 21, 31, and 68, one can show that this effect occurs only to higher orders in α and U . Indeed, an analytic part of the ground state energy of an electron system with the Rashba SO interaction can be written as
2 , where C =const, δN = N − − N + is the difference in the number of electrons occupying the two Rashba subbands, and v F is the bare Fermi velocity. 68 This result is valid to all orders in the ee interaction of arbitrary type, and to lowest order in α. Therefore, the minimum of E an corresponds to the same value of δN as for a non-interacting electron gas, which means that the Fermi momenta are not renormalized. Renormalization of δN occurs only because of non-analytic terms in the ground state energy.
21,31 For a contact interaction, the first non-analytic correction occurs to fourth order in U : E na ∝ U 4 |α| 3 ln 2 |α|. (A cubic dependence on |α| is because a non-analytic part of ground state the energy scales in 2D as a cube of the parameter controlling non-analyticity which, in our case, is α;
73 an additional factor of ln 2 |α| comes from renormalization of the interaction in the Cooper channel.) Then the minimum of E an +E na corresponds to a change in the Fermi momenta p − − p + ∝ δN ∝ U 4 α 2 ln 2 |α|, which is beyond the order of the perturbation theory considered here. Therefore, the Fermi momenta entering Eq. (3.16) are to be considered as unrenormalized. In addition, to lowest order in α, we can take p + to be equal to p − , so that the ratio of the Fermi momenta drops out from Eq. (3.16).
Finally, substituting Eqs. (6.31) and (6.32) into Eq. (3.16), we obtain for the renormalized masses
We see that the masses of fermions with opposite chiralities are renormalized differently. Since we have already established that the Fermi momenta are not renormalized to this order, there is no cancellation between renormalizations of masses and that of Fermi momenta. Therefore, the degeneracy of the Fermi velocities of the Rashba subbands is lifted by the interaction:
where v F = 2µ/m.
For a momentum-dependent interaction, U q , one can simply replace U in Eq. (6.34) terms are present, and the competition between the two is controlled by the ratio |α| ln |α|/r s of the two small parameters of the model, α and r s .
At the same time, we do not reproduce a rather surprising result of Ref. 22 , which finds velocity splitting already to order U α for U =const. While such a term contradicts the general results of Refs. 19 and 68, we also found that, to first order in U , the Landau function is the same as for an SU2S FL, see Eq. (6.2). For U =const, this Landau function reduces to a constant and thus cannot produce mass renormalization.
C. Limiting forms of the spin susceptibility
In this section, we show that Eq. (4.25) reproduces the known results for χ zz in the limiting cases of a weak ee interaction or weak SO coupling.
Weak electron-electron interaction
First, we examine the limit of a weak contact ee interaction, i.e., we work to first order in the interaction amplitude U without making any assumption about the strength of SO coupling.) It follows from Eq. (6.2) that f a⊥ = −U/2 to first order in the interaction. We also need the self-energy of the quasiparticles to first order in the interaction given by (see Fig. 3 ) and similarly Σ b s (P ) = U N , where N is the total number density of electrons. Therefore, the self-energies of both Rashba branches are constant and equal to each other. Since the shift in the energy of quasiparticles with opposite chiralities is the same, we have ε p + − ε p − = 2αp and p − − p + = 2mα, which are the same relations as for an interaction-free system. Substituting these results into Eq. (4.25), we find that to first order in U
As is to be expected, this result coincides with that of the first ladder diagram of the perturbation theory.
29
Notice that χ zz in Eq. (6.37) does not depend on α. This property survives to all orders in U within the ladder approximation. Beyond the ladder approximation, the leading dependence on α occurs to order U 2 as a nonanalytic in α correction : δχ zz = (2/3)χ 0 (mU/4π) 2 |α|p F /ǫ F (Refs. 29 and 31).
Weak spin-orbit coupling
Next, we consider the opposite limit of an arbitrary ee interactions but infinitesimally small SO coupling. In this limit, one must recover the result of a SU2S FL. To obtain χ zz in this limit, one needs to evaluate integrals of the type 38) to zeroth order in α. Infinitesimal SO coupling implies that the region of integration is infinitesimally small compared to the Fermi momentum, and it suffices to consider only the linear part of the dispersion near the FS ε
Note that in the presence of the interaction, in general, v + = v − . However, to obtain χ zz to zeroth order in α, one can keep SO coupling only in the Fermi momenta of the two subbands and set α to zero everywhere else, including f a⊥,0 which reduces to f a,0 of an SU2S FL. As a result, v s can be set to equal to v F , the Fermi velocity in the absence of SO coupling. Therefore,
Substituting this result into Eq. (4.24) and solving for g * (p F ), we reproduce the result for an SU2S FL
(6.41) In both Eqs. (6.40) and (6.41), ν is the renormalized density of states. Notice that SO coupling is eliminated from Eqs. (6.39) and (6.41) as an anomaly, i.e., as a cancellation between a small denominator (ε p + −ε p − ) and a narrow integration range (p − − p + ).
VII. CONCLUSIONS
We considered a 2D FL in the presence of the Rashba SO interaction, which breaks the SU(2) symmetry of the system. We constructed the phenomenological Landau function, Eq. (2.5), satisfying all the symmetries (C ∞v , permutation of particles, and time-reversal). In Sec.VI A, this form of the Landau function was also obtained by a second-order perturbation theory in the ee interaction. The key result of this paper is that while the charge sector of a chiral FL can be fully described by the Landau function projected on the two spin-split FSs, any quantity pertaining to the spin sector must involve the Landau function with momenta in between the two FSs. This feature is most explicitly demonstrated for the case of the static, out-of-plane spin susceptibility. Therefore, there is no conventional FL theory, i.e. a theory operating solely with free quasiparticles, for the spin sector of a chiral FL. This does not mean that we are dealing here with a non-Fermi liquid, because chiral quasiparticles are still well-defined near their respective FSs. However, the spin sector of a chiral FL does not allow for a FL-type description. In other words, we a have a FL but without a full-fledged FL theory. In fact, this is true not only for a chiral but also for any FL with broken SU(2) symmetry, e.g. a 3D FL in the presence of a finite magnetic field.
47,48,57
The charge sector of a chiral FL is similar to any twoband FL. One interesting effect of the ee interaction in a system with either Rashba or Dresselhaus SO coupling is that it lifts the degeneracy of Fermi velocities of fermions with opposite chiralities, which is apparent already from the phenomenological formula for the effective masses, Eq. (3.12) However, due to an exact property 19, 68 no spin-splitting of the velocities occurs to first-order in SO coupling. We obtain an expression for splitting for the Coloumb-interaction case in the limit of strong SO coupling. In Appendix A, we reproduce leading term of the analytic expansion of the effective masses in the SO coupling constant. In addition, there are non-analytic corrections to the splitting, which we find by evaluating the non-analytic corrections to the Landau function, and show velocity splitting occurs due to terms of order sU 2 α 2 , where s = ±1 is the helicity. All the results of this paper also hold for a system with the linear Dresselhaus rather than Rashba SO coupling. However, if both the Rashba and Dresselhaus couplings are present, the in-plane rotational symmetry of the FS is broken, and the FL becomes not only a chiral but also anisotropic. A theory of such a FL can be constructed along the lines presented in this paper but we did not attempt such a construction here.
The formalism developed in this paper can also be readily generalized to chiral systems with a cubic-inmomentum SO coupling, e.g., to heavy holes in III-V semiconductor heterostructures, surface state of SrTiO 3 , and possibly LaAlO 3 /SrTiO 3 interfaces. 54, 55, 74 In case of the C ∞v symmetry, the Rashba-type Hamiltonian for non-interacting particles with pseudospin j z = ±3/2 reads
whereσ ± = σ x ± iσ y , p ± = p x ± ip y , and γ is real. Selecting the invariants in the same way as for linear-inmomentum coupling, the Landau function corresponding to Hamiltonian (7.1) is constructed aŝ
where all the scalar functions f s . . . h are real. The charge sector of the chiral FL with cubic-in-momentum SO coupling is qualitatively similar to that of a chiral FL with linear-in-momentum coupling, except for spin-splitting of the velocities now occurs already to the lowest order in the SO coupling, γ. 21 The major difference with the case of linear-in-momentum SO coupling is in how an in-plane magnetic field enters the Hamiltonian. To linear order in field, the only form of coupling consistent with the C ∞v symmetry isσ + p
26,53 However, the structure of the theory remains qualitatively the same in that one still has to deal with off-diagonal components of the occupation number and damped quasiparticles. In Sec. III, we analyzed mass renormalization of Rashba fermions to logarithmic accuracy in the parameter p TF /p ± which controls the Random Phase Approximation for the Coulomb interaction, and showed that degeneracy of the subbands' Fermi velocities is lifted by the ee interaction, at least when SO coupling is so strong that p + ≪ p − (but still both subbands are occupied). In this Appendix, we derive the result for mass renormalization still to leading order in the ee interaction but for an arbitrarily strong SO interaction. For the time being, we assume that the interaction is described by a non-retarded and spin-independent, but otherwise arbitrary potential U q . To obtain the result beyond the logarithmic accuracy, one needs to keep the matrix elements in Eq. (3.20) and relax the assumption of small momentum transfers. The only small parameter will now be the quasiparticle energy, ε p,f s = ǫ p,f s − µ. From this point on, we suppress the superscript f since all dispersions considered below are for non-interacting electrons, i.e, ε p,f s → ε p s . The leading order renormalization is logarithmic, therefore the potential can be to taken as static since the dynamic part does not produce logarithmic integrals. Subtracting the self-energy on the FS from Eq. (3.20), we obtain for the remainder 
where the first (second) term is a result of intra-band (inter-band) transitions. Equation (A10) is exact in α. If U q is replaced by the screened Coulomb potential from Eq. (3.18), the first term in Eq. (A10) produces, in the small-q limit, the r s ln r s result of Eq. 
Note that, in contrast to Eq. (3.23), where p s came as an upper cutoff a logarithmically divergent integral, the upper limit of the integral in Eq. (A11) is defined uniquely. Equation (A10) also allows one to study the dependence of the self-energy on α at small α, without assuming that this dependence is analytic. To first order in α, the integrand can be expanded as ∆Σ 
19,68
In the Coulomb case, Refs. 19 and 21 also find an r s α 2 ln α correction to the mass, which is the same for two Rashba subbands. This correction is produced by the second term in Eq. (A10). To see this, one can keep only the logarithmic integrals in (A10). Differentiating (A10) twice with respect to α, we obtain In this Appendix, we show that the out-of-plane spin susceptibility, χ zz , of a non-interacting electron gas with Rashba SO coupling is determined by the states in between from the two spin-split FSs. Since we are dealing only with free states here, the index f will be suppressed while quantities in the absence of the magnetic field will be denoted by the superscript 0.
In the presence of a weak magnetic field H in the z-direction, the electron spectrum changes to 
where the Fermi momenta of the subbands are found from
It is easy to check that, at fixed number density, ǫ F is not affected by the magnetic field. One can thus replace ǫ F by ǫ 
where is the Fermi velocity in each of the subbands, given by Eq. (2.4b). It is convenient to subtract the fieldindependent part from E, and split the remainder into two parts as
where E on is the contribution from the states near the FSs
and E off is the contribution from the states away from the FSs
The on-the-Fermi-surface contribution vanishes to order ∆ 
On the other hand, the off-FS contribution becomes
which gives a correct result χ Appendix C: Kohn anomaly in a free electron gas with Rashba spin-orbit coupling
In this Appendix, we derive Eqs. (6.24a-6.24c) for the Kohn anomalies in the polarization bubble of non-interacting Rashba fermions (Fig. 4) :
Expanding the internal angular-dependent factors to first order in φ and θ yields an integral which vanishes by parity. The second order term in φ is finite but it is still multiplied by a small factor of θ from the external matrix element. Therefore, Γ 
Expanding the angular factors to lowest order, we obtain
